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Supervised learning in Machine Learning
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• ‘Agnostic’ algorithms 
         no order  
 
Short range repulsion  
Minimize H by gradient descent  
 

Random Packings of Spheres
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Nature of the jamming point
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FIG. 1. Average coordination number (number of contacts per
particle) as a function of the packing fraction, for one specific three-
dimensional sample of 1000 soft spheres with harmonic repulsion.

compute the distribution of avalanches in these systems. In
Sec. IV we discuss the result and the power-law distribution
of small jumps, which in Sec. V will be compared with
some numerical simulations for three-dimensional systems of
soft spheres under shear. Then, in Sec. VI we discuss the
implications of the distribution of jumps that has been found
at jamming on the nonlinear elastic moduli, comparing our
results with Ref. [22]. In the Appendix we present the detailed
calculations.

II. DERRIDA-RUELLE CASCADES: A PRIMER

In this section we describe briefly, and for the scope of this
paper, the picture of the ergodicity breaking that emerges in
the solution of mean-field glassy models. In these systems,
at sufficiently small temperature, the Gibbs measure is split
in ergodic components (pure states) with nearly degenerate
random free energies (i.e., with differences of order 1). To
describe the organization of the space of these states we intro-
duce the notion of overlap qαβ between two states α,β: this is a
codistance whose absolute value is normalized between 1 and
0 (for identical and maximally different states, respectively).
Different definitions are used for different systems: for a spin
glass with N spins (e.g., the Sherrington-Kirkpatrick model)
qαβ = 1

N

∑
i s

α
i s

β
i , where sα

i is the ith spin in the state α;
for N soft spheres, qαβ = 1

N

∑N
ij=1 w(|xα

i − xβ
j |), where xα

i

is the position of the ith particle in the state α and w(r) is
a window function that vanishes when r is larger than some
threshold. The organization of the states is then ultrametric
with respect to the overlap, in the sense that they are in a
one-to-one relationship with the leaves of a rooted tree that is
generated via a Derrida-Ruelle cascade [23–29].

The energy of any state in a given sample is the sum
of an extensive, self-averaging part (that is the same for
all the states) and a term that is of order O(N0). The
Derrida-Ruelle cascade is a stochastic branching process
that describes the distribution of these nonextensive free
energies in the different states. It is usually described
considering first a tree of finite depth k, and then taking
the suitable limit for k → ∞: the process is fully charac-
terized by k pairs of increasing parameters q1 < · · · < qk,

α1 α2 α3

q1

q2

q3

F̄1

F̄2,α1

βx1

βx2

Fα Fβ Fγ

FIG. 2. A realization of the Derrida-Ruelle cascade for a k = 2
tree; a generic state α is explicitly shown.

x1 < · · · < xk that can be thought of as a stepwise function
x(q,T ) = xi in (qi,qi+1); the function x(q,T ) is known as the
Parisi function, and in the limit k → ∞ it becomes continuous.
For the systems that we are dealing with, the function x(q,T )
is known from previous works [18–21] and is defined as the
solution to a variational problem; for small temperature T ,
βx(q,T ) ∼ y(q) + O(T ), where β is the inverse temperature
and y(q) is the zero-temperature limit of βx(q,T ), which will
be needed later to study the zero-temperature distribution of
the states.

In order to describe the Derrida-Ruelle process, we start
with an example of a k = 2 tree, as in Fig. 2. Starting from a
reference-free energy F̄1, that depends on the specific sample,
we generate the first level of the tree via a Poisson point
process: the number of branches going from the root node to
nodes with free energy in (F̄2,F̄2 + dF̄2) is a Poisson variable
with average exp[βx1(F̄2 − F̄1)]dF̄2; in this way we generate
the nodes {αi} with free energies {F̄2,αi

}. Then, for each node
αi we generate subbranches according to a new Poisson point
process: the number of branches going from αi (with free
energy F̄2,αi

) to nodes with free energy in (F3,F3 + dF3)
is again a Poisson variable, this time with expected value
exp[βx2(F3 − F̄2,αi

)]dF3. The set of nodes in the last level
corresponds to the states of the system, and the free energies
of the states are precisely the values generated via this process.
We can also associate each overlap qi to the ith level, as
shown in the figure: then, the overlap between two states
(i.e., leaves) is simply the value qi at the level of the closest
common ancestor node; for instance, for the states α,β, γ in
Fig. 2, qαβ = qαγ = q1 and qβγ = q2, while the self-overlaps
are all identical to qαα = q3 (q3 ≡ qEA is known as the
Edwards-Anderson order parameter in spin glasses, and at zero
temperature it becomes 1). The general process for a tree with k
levels is very similar; the process is iterated for all k levels: the
number of branches going from a node with free energy F̄i at
the ith level to nodes with free energy in (F̄i+1,F̄i+1 + dF̄i+1)
is a Poisson variable with average exp[βxi(F̄i+1 − F̄i)]. In the
end the nonextensive part of the free energies of the states {Fα}
are generated as the leaves of the tree.

In order to study athermal systems of soft spheres under
shear-strain, we take the following considerations into account:
at zero temperature the free energies of the states Fα become
energies Uα; the self-overlap qk+1 ≡ qEA becomes 1; the
function βx(q) is replaced by its zero-temperature limit,
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Maxwell counting argument

dNc # of degrees of freedom 

zNc/2 # of contact forces

z � 2d

mechanical  
equilibrium

Moukarzel PRL 1988 
Tkachenko, Witten PRE 1999  
Lubensky et al 2015

6=2d

Jamming is an ‘isostatic’ 
marginal point 

Number of contacts vs density
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Critical microstructure of packings
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Force distribution

P (f) ⇠ f✓

P (f)

f

Gap distribution
g(h)

h

Wyart, PRL 109 (12), 125502
Lerner, Düring, Wyart, Soft Matter 9 (34), 8252-8263
Charbonneau, Corwin, Parisi, Zamponi, PRL 114 (12), 125504 

g(h) ⇠ h��

✓ & � Non trivial exponents

� = 1/(2 + ✓)

Smoking gun of criticality 



• Exact Solution for 

• Ideal glass transition & Jamming 

• Existence of a low temperature marginal glass

• Computation of Jamming Exponents 

• Surprisingly exponents do not depend on D in simulations

High Dimensional Soft Spheres
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5.3. RS STATE FOLLOWING PHASE DIAGRAM OF SIMPLE GLASS MODELS 73

This is the expression of the reduced pressure in the liquid phase that we have computed in chapter 2.
Thus we get that the reduced pressure in glass phase coincides with what we would get if we continue
the equation of state of the liquid phase beyond the dynamical transition point. The same can be
obtained for the energy of the system. The internal energy in the glass phase coincides with the
continuation of the equation of state of the liquid phase. Thus equilibrium glassy states beyond the
dynamical transition have an internal pressure or energy that coincide with the analytic continuation
of the liquid values.

5.3.2 An athermal glass: Hard Spheres

Plugging the Eq. (5.48) inside the variational equations (5.47) and solving for � and �r, we can
compute the phase diagram of Hard Spheres. This is plotted in Fig. 5.3.2 Talk about compressibility

5.3.3 A thermal glass: Harmonic Soft Spheres

Talk about Specific heat

5.3.4 Inconsistencies of the RS ansatz

We have seen both in the case of Hard Spheres and Harmonic Soft Spheres that for low enough
packing fractions or high enough temperature the equation of state of these glasse terminates at a
kind of spinodal point. This is quite unphysical. Let us consider a glass of Hard Spheres. If we
compress it there is no reason why this state must disappear. We naturally expect that the spheres
will be more and more caged and the pressure will increase but thermodynamically the state must
exist at all higher pressures. The same can be said in the case of Harmonic Soft Spheres: if we decrease
the temperature we expect the vibrations of spheres to be smaller but the glass state must exist up
to zero temperature. We will see in the next chapters that the reason for this inconsistency is due to
the fact that for su�ciently high enough pressure or low enough temperatures, replica symmetry is
broken. If this e↵ect is properly taken into account the spinodal transition disappears and glasses can
be continued up to infinite pressure or zero temperature.

Charbonneau Parisi Kurchan Urbani Zamponi 2014

✓ = 0.42311 � = 0.41269



• Graph Coloring (COL): Given a graph and q colors, colour 
the vertexes such that no edges  insists on vertexes of the 
same colour — Ground State of a Potts Antiferromagnet —  
 
 

• More generally, Constraint Satisfaction Problems: given N 
variables and M constraints  
(1) Does it exist a SAT assignment  
(2) Find it. 

Stat-Phys of Constraint Satisfaction
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2. A Potts anti-ferromagnet on random graphs
It is immediate to realize that the q-coloring problem is equivalent to the question of determining
if the ground-state energy of a Potts anti-ferromagnet on a random graph is zero or not [8].
Consider indeed a graph G = (V, E) defined by its vertices V = {1, . . . , N} and edges (i, j) ∈ E
which connect pairs of vertices i, j ∈ V; and the Hamiltonian

H({s}) =
∑

(i,j)∈E

δ(si, sj) . (1)

With this choice there is no energy contribution for neighbors with different colors,
but a positive contribution otherwise. The ground state energy (the energy at zero
temperature) is thus zero if and only if the graph is q-colorable. This transforms the
coloring problem into a well-defined statistical physics model. Usually, two types of random
graphs are considered: in the c−regular ensemble all points are connected to exactly
c neighbors, while in the Erdős-Rényi case the connectivity has a Poisson distribution.

Figure 1. Example: a proper 3-
coloring of a small graph.

3. Cavity method: Warnings, Beliefs and Surveys
Over the last few years, a number of studies have
investigated CSPs following the adaptation of the so-called
cavity method [2] to random graphs [4, 9]. It is a powerful
heuristic tool —whose exactness is widely accepted but
has still to be rigorously demonstrated— equivalent to the
replica method of disordered systems [2]. Its main idea
lies in the fact that a large random graph is locally tree-
like, and that an iterative procedure known in physics as
the Bethe-Peirls method can solve exactly any model on
a tree (such models are often qualified as “mean field”
in physics). Interestingly, it was realized [10] that an
equivalent formalism has been developed independently in
computer science [11], where it is called Belief Propagation
(BP, which conveniently enough, may also stands for
Bethe-Peirls). Defining ψi→j

c (c = 1, .., q) as the probability that the spin i has color c in absence
of the spin j (the “belief” that the spin j has on the properties of the spin i), BP reads

ψi→j
c =

1

Zi→j
0

∏

k∈N(i)\{j}

(

1− ψk→i
c

)

(2)

where Zi→j
0 is a normalization constant and the notation k ∈ N(i) \ {j} means the set of

neighbors of i except j. From a fixed point of these equations, the complete beliefs in presence
of all spins can be also computed. They give, for each vertex, the probability of each color from
which other quantities, as for instance the number of solutions, can be computed. A simpler
formalism, called Warning Propagation (WP), restricts itself to frozen variables (i.e. to variables
for which only one color can satisfy the constraints). However, WP does not allow to compute
the number of solutions, only their existence, but is definitely simpler to handle.

It was soon realized, however, that these methods developed for trees could not be
used straightforwardly on all random graphs because of a non-trivial phenomenon called
clustering [9, 12] (for which rigorous results are now available, see [13]). Indeed, while for
graphs with very low connectivities all solutions are “connected” —in the sense that it is easy
with a local dynamics to move from one solution to another— they regroup into a large number

H[x] = #(violated constraints)

Discrete Problems : Important in Computer Science



• N Variables, M Constraints.              relevant variable

Random CSP
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N ! 1 ↵ = M/N

Density  
of constraints

UNSAT
N = eN⌃(c) ⌃(c) = 0 EGS > 0

heuristic implementation of the definition in terms of pure state
decomposition (see Eq. 4). Generalizing the results of ref. 16, it is
possible to show that the two calculations provide identical results.
However, the first one is technically simpler and under much better
control. As mentioned above we obtain, for all k ! 4 a value of "d(k)
larger than the one quoted in refs. 6 and 11.

Further we determined the distribution of cluster sizes wn, thus
unveiling a third ‘‘condensation’’ phase transition at "c(k) ! "d(k)
(strict inequality holds for k ! 4 in SAT and q ! 4 in coloring, see
below). For " ! "c(k) the weights wn concentrate on a logarithmic
scale [namely, "log wn is #(N) with #(N1/2) fluctuations]. Roughly
speaking, the measure is evenly split among an exponential number
of clusters.

For " $ "c(k) [and ! "s(k)] the measure is carried by a
subexponential number of clusters. More precisely, the ordered
sequence {wn} converges to a well known Poisson-Dirichlet process
{w*n}, first recognized in the spin glass context by Ruelle (26). This
is defined by w*n % xn/&xn, where xn $ 0 are the points of a Poisson
process with rate x"1"m(") and m(") ! (0, 1). This picture is known
in spin glass theory as one-step replica symmetry breaking (1RSB)
and has been proven in ref. 27 for some special models. The Parisi
1RSB parameter m(") is monotonically decreasing from 1 to 0
when " increases from "c(k) to "s(k) (see Fig. 3).

Remarkably, the condensation phase transition is also linked to
an appropriate notion of correlation decay. If i(1), . . . , i(n) ! [N]
are uniformly random variable indices, then, for " ! "c(k) and any
fixed n:

! !
'xi!(

"#)xi)1* . . . xi)n** $ #)xi)1** . . . #)xi)n**"3 0 [5]

as N3 +. Conversely, the quantity on the left side of Eq. 5 remains
positive for " $ "c(k). It is easy to understand that this condition
is even weaker than the extremality one (compare Eq. 3) in that we
probe correlations of finite subsets of the variables. In the next two
sections we discuss the calculation of "d and "c.

Dynamic Phase Transition and Gibbs Measure Extremality. A rigorous
calculation of "d(k) along any of the two definitions provided above
(compare Eqs. 3 and 4) remains an open problem. Each of the two

approaches has, however, an heuristic implementation that we shall
now describe. It can be proved that the two calculations yield equal
results as further discussed in the last section.

The approach based on the extremality condition in Eq. 3 relies
on an easy-to-state assumption and typically provides a more
precise estimate. We begin by observing that, because of the
Markov structure of #!, it is sufficient for Eq. 3 to hold that the
same condition is verified by the correlation between xi and the set
of variables at distance exactly ! from i, that we shall keep denoting
as x!. The idea is then to consider a large yet finite neighborhood
of i. Given !" ! !, the factor graph neighborhood of radius !" around
i converges in distribution to the radius-!" neighborhood of the root
in a well defined random tree factor graph T.

For coloring of random regular graphs, the correct limiting
tree model T is coloring on the infinite l-regular tree. For random
k-SAT, T is defined by the following construction. Start from the
root variable node and connect it to l new function nodes
(clauses), l being a Poisson random variable of mean k". Connect
each of these function nodes with k " 1 new variables and repeat.
The resulting tree is infinite with nonvanishing probability if " $
1/k(k" 1). Associate a formula to this graph in the usual way,
with each variable occurrence being negated independently with
probability 1/2.

The basic assumption within the first approach is that the
extremality condition in Eq. 3 can be checked on the correlation
between the root and generation-! variables in the tree model. On
the tree, #! is defined to be a translation invariant Gibbs measure
(17) associated to the infinite factor graphj T (which provides a
specification). The correlation between the root and generation-!
variables can be computed through a recursive procedure (defining
a sequence of distributions P" !, see Eq. 15 below). The recursion can
be efficiently implemented numerically yielding the values pre-
sented in Table 1 for k (resp. q) % 4, 5, 6. For large k (resp. q) one
can formally expand the equations on P! and obtain:

"d)k* %
2k

k # log k,log log k & 'd & O$ log log k
log k % & [6]

ld)q* % q- log q & log log q & 'd & o)1*. [7]

with 'd % 1 (under a technical assumption of the structure of P!).
The second approach to the determination of "d(k) is based on

the ‘‘cavity method’’ (6, 25). It begins by assuming a decomposition
in pure states of the form 4 with two crucial properties: (i) if we
denote by Wn the size of the nth cluster (and hence wn % Wn/& Wn),
then the number of clusters of size Wn % eNs grows approximately
as eN&(s); (ii) for each single-cluster measure #n!, a correlation
decay condition of the form 3 holds.

The approach aims at determining the rate function &(s), com-
plexity: the result is expressed in terms of the solution of a
distributional fixed point equation. For the sake of simplicity we

jMore precisely #! is obtained as a limit of free boundary measures.

αd,+ αd αc αs
Fig. 2. Pictorial representation of the different phase transitions in the set of solutions of a rCSP. At "d,, some clusters appear, but for "d,, ! " ! "d they comprise
only an exponentially small fraction of solutions. For "d ! " ! "c the solutions are split among about eN&" clusters of size eNs". If "c ! " ! "s the set of solutions
is dominated by a few large clusters (with strongly fluctuating weights), and above "s the problem does not admit solutions any more.

Σ (s)

s

αs(k)αc(k)

m (α)

1

0.5

0

Fig. 3. The Parisi 1RSB parameter m(") as a function of the constraint density
". In the Inset, the complexity &(s) as a function of the cluster entropy for " %
"s(k) " 0.1 [the slope at &(s) % 0 is "m(")]. Both curves have been computed
from the large k expansion.

10320 " www.pnas.org'cgi'doi'10.1073'pnas.0703685104 Krza̧kała et al.

↵d ↵K ↵J

Ergodic Glassy Ideal glass

Energy =  
#(UNSAT constraints)

Easy Difficult Impossible

Exact Solution with Cavity-RSB techniques Mezard Parisi Zecchina Science 297, 812 (2002) 
Krzakała, Montanari Ricci-Tersenghi Semerjian Zdeborova PNAS 104.25 (2007): 10318 + many others

UNSAT region 
Egs > 0

Solution  
space

↵G



The Perceptron
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Model for a Single Neuron — Linear Classifier
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Information Storage Problem
✤ Data without structure               Random associations 

✤ Limit of capacity          Jamming  SAT-UNSAT
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⇠µi ⌧µ
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⌧µ
1p
N

⇠µ · w > �

Perceptron

NX

i=1

X
i

⇠µ
i

>  µ = 1, ...,M = ↵N

Positive : find X that “Classifies” the vectors ⇠µ

spherical constraint X 2 =
P

i

X 2

i

= 1.
F. Rosenblatt, 1958

Jamming / SAT-UNSAT transition : max  for which the vectors
can be “classified”.
S. Franz (LPTMS) The Simplest Jamming Model February 2015 7 / 19

Easy Optimisation
Convex

� > 0

SAT phase: Unique cluster of solutions
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The Capacity limit of the Perceptron
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More interesting problems

✤ Multilayer — Non Convex problems 

✤ “Reverse Wedge Perceptron”  :  Perceptron with 
‘internal representations’  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is computed using the replica method [1,6]. As is customary in the replica approach, we 
introduce the matrix of the overlaps between the different replicas qUb = J' . Jb .  The 
replica symmetric (RS) ansatz gives 

(4) 

where Dx is the Gaussian measure and H ( x )  = jx*Dy. The typical overlap q is 
determined by the saddle-point equation associated with (4) and the critical capacity & 
is reached when q -+ 1 [1,41 

We see in figure 1 that ac is maximum (ac N 10.5) for yn N 1.2; such a value for the 
capacity is much higher than the monotonic perceptron one (ac = 2, see also [41). In order 
to check the reliability of the RS result, one has to analyse the transverse stability of the 
symmetric saddle-point [1,9]. It turns out [SI that the condition of stability (a&) c 2) is 
never satisfied on the critical line a&) (when y is finite), thus, as expected, the symmetry 
of the replicas must be broken. 

F p r e  1. Critical capacity as a function of y. 1 /'\--------1 The upper (dashed) curye is obtained within the RS 
assumption, w h e w  the lower one is the result of 
the one-sfep RSB computation. The maximum values 
of storage capacity are 10.5 and 4.8 respectively, 
corresponding to two different optimal choices of y Q 1 2 3 4 

1 (1.2forthe~scaseandO.SforUleone-stepnsscase). 

..__ -...__. -. .. % 
... 4 

2 '  

Performing one step of RSB, f becomes a function of three parameters 41, go and m [6]. 
Being interested in the critical capacity, we focus on the limit q1 = 1 - E ,  E -+ 0, i.e. when 
the overlap between two vectors of couplings belonging to the same pure state goes to 
one. The saddle-point equations lead to the scaling relations qo -+ Q and m/E -+ p; in 
particular weobtain f,&lrqO,m,a) = ( I / E )  F(p ,  Q,a)+O( ln~)  where 

Baldassi Monasson Zecchina 1993
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FIG. 3: Sketch of the phase diagram of (Left) Relu (K = 2) and (Right) soft-committee machine (K = 3). This shows

that there exists regions where the dAT line ↵dAT is placed below the RS jamming line ↵J. In this case, the computation

of breaking point Eq. (9) and its slope at ↵dAT ensures that the jamming line lies in full-RSB phase. For ReLU, it can

be shown that ↵J is always above than ↵dAT for all � > 0.

By putting the exclamation mark ! above the equal sign, we emphasize that this equality only holds for

models that do not contain points h having more than one closest point u(h)’s at the SAT-UNSAT boundary.

The parity machine and the ReLU machine are the examples in which this equation does not hold. Instead,

one can show that the integral diverges as q ! 1, thus the dAT line is always below the RS jamming line (See

Fig. 3 (Left)).

In Fig. 3, we have drawn these lines for (Left) ReLU (K = 2) and (Right) soft-committee machine with

(K = 3). From these two lines, we can identify the parameter range of � where the jamming transition occurs

in the RSB phase. As a next step, we have to determine the type of RSB phase. We can proceed by determining

the breaking point Eq. (9) and its slope at ↵dAT (See section V to check how to compute). In order to make

a transition to full-RSB phase, the breaking point m should be in the range (0, 1) and its slope be positive.

Within the range where the jamming occurs in the RSB phase, we confirmed for both models that the breaking

point and its slope satisfy these criteria, thus making a transition to fullRSB phase.

However, this does not hold generally across all models. For example, it is known for Parity machine that the

phase diagram undergoes first a RS-to-1RSB transition [EVdB01]. Even though we did not manage to verify

the existence of the Gardner transition due to the increasing complexity of computation, we expect this happens
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III. SIMULATION DETAILS AND RESULTS

As discussed in the main text, the jamming point for this class of non-overlapping multilayer machines may

not be well-defined due to a finite-size e↵ect. Especially, we have noticed that this e↵ect is seen to be most

prominent for the case of the ReLU machine: the K-layers behave quasi-independently, thus the number of

contacts exhibits a multiple (mostly K) jumps rather than one big jump. This is basically due the finite N

sample-to-sample fluctuations of the jamming point for each hidden units. Since these layers are all statistically

equivalent, we expect these jumps will be concentrated into a single point in the infinite size limit. In Fig. 4

(a) and (b), we present the typical fluctuation observed in the simulation. In Fig. 4 (a), we show three typical

behaviors of contact number z as a function of pressure p. This illustrates that it is roughly characterized by

two jumps and the first one appears at the isostastic point. However, the position of second jump fluctuates

strongly for the system sizes available in the simulation N < 500. To show numerically that this fluctuation
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heuristic implementation of the definition in terms of pure state
decomposition (see Eq. 4). Generalizing the results of ref. 16, it is
possible to show that the two calculations provide identical results.
However, the first one is technically simpler and under much better
control. As mentioned above we obtain, for all k ! 4 a value of "d(k)
larger than the one quoted in refs. 6 and 11.

Further we determined the distribution of cluster sizes wn, thus
unveiling a third ‘‘condensation’’ phase transition at "c(k) ! "d(k)
(strict inequality holds for k ! 4 in SAT and q ! 4 in coloring, see
below). For " ! "c(k) the weights wn concentrate on a logarithmic
scale [namely, "log wn is #(N) with #(N1/2) fluctuations]. Roughly
speaking, the measure is evenly split among an exponential number
of clusters.

For " $ "c(k) [and ! "s(k)] the measure is carried by a
subexponential number of clusters. More precisely, the ordered
sequence {wn} converges to a well known Poisson-Dirichlet process
{w*n}, first recognized in the spin glass context by Ruelle (26). This
is defined by w*n % xn/&xn, where xn $ 0 are the points of a Poisson
process with rate x"1"m(") and m(") ! (0, 1). This picture is known
in spin glass theory as one-step replica symmetry breaking (1RSB)
and has been proven in ref. 27 for some special models. The Parisi
1RSB parameter m(") is monotonically decreasing from 1 to 0
when " increases from "c(k) to "s(k) (see Fig. 3).

Remarkably, the condensation phase transition is also linked to
an appropriate notion of correlation decay. If i(1), . . . , i(n) ! [N]
are uniformly random variable indices, then, for " ! "c(k) and any
fixed n:

! !
'xi!(

"#)xi)1* . . . xi)n** $ #)xi)1** . . . #)xi)n**"3 0 [5]

as N3 +. Conversely, the quantity on the left side of Eq. 5 remains
positive for " $ "c(k). It is easy to understand that this condition
is even weaker than the extremality one (compare Eq. 3) in that we
probe correlations of finite subsets of the variables. In the next two
sections we discuss the calculation of "d and "c.

Dynamic Phase Transition and Gibbs Measure Extremality. A rigorous
calculation of "d(k) along any of the two definitions provided above
(compare Eqs. 3 and 4) remains an open problem. Each of the two

approaches has, however, an heuristic implementation that we shall
now describe. It can be proved that the two calculations yield equal
results as further discussed in the last section.

The approach based on the extremality condition in Eq. 3 relies
on an easy-to-state assumption and typically provides a more
precise estimate. We begin by observing that, because of the
Markov structure of #!, it is sufficient for Eq. 3 to hold that the
same condition is verified by the correlation between xi and the set
of variables at distance exactly ! from i, that we shall keep denoting
as x!. The idea is then to consider a large yet finite neighborhood
of i. Given !" ! !, the factor graph neighborhood of radius !" around
i converges in distribution to the radius-!" neighborhood of the root
in a well defined random tree factor graph T.

For coloring of random regular graphs, the correct limiting
tree model T is coloring on the infinite l-regular tree. For random
k-SAT, T is defined by the following construction. Start from the
root variable node and connect it to l new function nodes
(clauses), l being a Poisson random variable of mean k". Connect
each of these function nodes with k " 1 new variables and repeat.
The resulting tree is infinite with nonvanishing probability if " $
1/k(k" 1). Associate a formula to this graph in the usual way,
with each variable occurrence being negated independently with
probability 1/2.

The basic assumption within the first approach is that the
extremality condition in Eq. 3 can be checked on the correlation
between the root and generation-! variables in the tree model. On
the tree, #! is defined to be a translation invariant Gibbs measure
(17) associated to the infinite factor graphj T (which provides a
specification). The correlation between the root and generation-!
variables can be computed through a recursive procedure (defining
a sequence of distributions P" !, see Eq. 15 below). The recursion can
be efficiently implemented numerically yielding the values pre-
sented in Table 1 for k (resp. q) % 4, 5, 6. For large k (resp. q) one
can formally expand the equations on P! and obtain:

"d)k* %
2k

k # log k,log log k & 'd & O$ log log k
log k % & [6]

ld)q* % q- log q & log log q & 'd & o)1*. [7]

with 'd % 1 (under a technical assumption of the structure of P!).
The second approach to the determination of "d(k) is based on

the ‘‘cavity method’’ (6, 25). It begins by assuming a decomposition
in pure states of the form 4 with two crucial properties: (i) if we
denote by Wn the size of the nth cluster (and hence wn % Wn/& Wn),
then the number of clusters of size Wn % eNs grows approximately
as eN&(s); (ii) for each single-cluster measure #n!, a correlation
decay condition of the form 3 holds.

The approach aims at determining the rate function &(s), com-
plexity: the result is expressed in terms of the solution of a
distributional fixed point equation. For the sake of simplicity we

jMore precisely #! is obtained as a limit of free boundary measures.
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Fig. 2. Pictorial representation of the different phase transitions in the set of solutions of a rCSP. At "d,, some clusters appear, but for "d,, ! " ! "d they comprise
only an exponentially small fraction of solutions. For "d ! " ! "c the solutions are split among about eN&" clusters of size eNs". If "c ! " ! "s the set of solutions
is dominated by a few large clusters (with strongly fluctuating weights), and above "s the problem does not admit solutions any more.
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Fig. 3. The Parisi 1RSB parameter m(") as a function of the constraint density
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"s(k) " 0.1 [the slope at &(s) % 0 is "m(")]. Both curves have been computed
from the large k expansion.
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variables can be computed through a recursive procedure (defining
a sequence of distributions P" !, see Eq. 15 below). The recursion can
be efficiently implemented numerically yielding the values pre-
sented in Table 1 for k (resp. q) % 4, 5, 6. For large k (resp. q) one
can formally expand the equations on P! and obtain:

"d)k* %
2k

k # log k,log log k & 'd & O$ log log k
log k % & [6]

ld)q* % q- log q & log log q & 'd & o)1*. [7]

with 'd % 1 (under a technical assumption of the structure of P!).
The second approach to the determination of "d(k) is based on

the ‘‘cavity method’’ (6, 25). It begins by assuming a decomposition
in pure states of the form 4 with two crucial properties: (i) if we
denote by Wn the size of the nth cluster (and hence wn % Wn/& Wn),
then the number of clusters of size Wn % eNs grows approximately
as eN&(s); (ii) for each single-cluster measure #n!, a correlation
decay condition of the form 3 holds.

The approach aims at determining the rate function &(s), com-
plexity: the result is expressed in terms of the solution of a
distributional fixed point equation. For the sake of simplicity we

jMore precisely #! is obtained as a limit of free boundary measures.

αd,+ αd αc αs
Fig. 2. Pictorial representation of the different phase transitions in the set of solutions of a rCSP. At "d,, some clusters appear, but for "d,, ! " ! "d they comprise
only an exponentially small fraction of solutions. For "d ! " ! "c the solutions are split among about eN&" clusters of size eNs". If "c ! " ! "s the set of solutions
is dominated by a few large clusters (with strongly fluctuating weights), and above "s the problem does not admit solutions any more.

Σ (s)

s

αs(k)αc(k)

m (α)

1

0.5

0

Fig. 3. The Parisi 1RSB parameter m(") as a function of the constraint density
". In the Inset, the complexity &(s) as a function of the cluster entropy for " %
"s(k) " 0.1 [the slope at &(s) % 0 is "m(")]. Both curves have been computed
from the large k expansion.

10320 " www.pnas.org'cgi'doi'10.1073'pnas.0703685104 Krza̧kała et al.

SF, Parisi JPA 2015, SF, Parisi, Sevelev, Urbani, Zamponi Scipost 2017 
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FIG. 3: Sketch of the phase diagram of (Left) Relu (K = 2) and (Right) soft-committee machine (K = 3). This shows

that there exists regions where the dAT line ↵dAT is placed below the RS jamming line ↵J. In this case, the computation

of breaking point Eq. (9) and its slope at ↵dAT ensures that the jamming line lies in full-RSB phase. For ReLU, it can

be shown that ↵J is always above than ↵dAT for all � > 0.

By putting the exclamation mark ! above the equal sign, we emphasize that this equality only holds for

models that do not contain points h having more than one closest point u(h)’s at the SAT-UNSAT boundary.

The parity machine and the ReLU machine are the examples in which this equation does not hold. Instead,

one can show that the integral diverges as q ! 1, thus the dAT line is always below the RS jamming line (See

Fig. 3 (Left)).

In Fig. 3, we have drawn these lines for (Left) ReLU (K = 2) and (Right) soft-committee machine with

(K = 3). From these two lines, we can identify the parameter range of � where the jamming transition occurs

in the RSB phase. As a next step, we have to determine the type of RSB phase. We can proceed by determining

the breaking point Eq. (9) and its slope at ↵dAT (See section V to check how to compute). In order to make

a transition to full-RSB phase, the breaking point m should be in the range (0, 1) and its slope be positive.

Within the range where the jamming occurs in the RSB phase, we confirmed for both models that the breaking

point and its slope satisfy these criteria, thus making a transition to fullRSB phase.

However, this does not hold generally across all models. For example, it is known for Parity machine that the

phase diagram undergoes first a RS-to-1RSB transition [EVdB01]. Even though we did not manage to verify

the existence of the Gardner transition due to the increasing complexity of computation, we expect this happens

given the clearly observed critical behaviors found in force and pressure distributions from our simulation data.

III. SIMULATION DETAILS AND RESULTS

As discussed in the main text, the jamming point for this class of non-overlapping multilayer machines may

not be well-defined due to a finite-size e↵ect. Especially, we have noticed that this e↵ect is seen to be most

prominent for the case of the ReLU machine: the K-layers behave quasi-independently, thus the number of

contacts exhibits a multiple (mostly K) jumps rather than one big jump. This is basically due the finite N

sample-to-sample fluctuations of the jamming point for each hidden units. Since these layers are all statistically

equivalent, we expect these jumps will be concentrated into a single point in the infinite size limit. In Fig. 4

(a) and (b), we present the typical fluctuation observed in the simulation. In Fig. 4 (a), we show three typical

behaviors of contact number z as a function of pressure p. This illustrates that it is roughly characterized by

two jumps and the first one appears at the isostastic point. However, the position of second jump fluctuates

strongly for the system sizes available in the simulation N < 500. To show numerically that this fluctuation
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SF, Hwang, Urbani, 2018

This happens even if the scaling equations that describe the jamming point are 
fullRSB equations in higher dimensions with respect to Perceptron.
We proved that a dimensional reduction mechanism takes place.
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•  Non-critical jamming in convex problems — ergodicity 
•  Unique universality class for Jamming criticality in random non-convex CSP 
   isostatic points  — Jamming in a critical glass. 

SF, Parisi 2015 
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FIG. 9. Illustration of the di↵erence between continuous and
discrete variables in the vertex coloring CSP. In the standard,
discrete setting a set of q colors is available to color the ver-
tices of a given graph, such that no two adjacent vertices have
the same color. (In the language of statistical physics, such
a solution is the ground state of a Potts antiferromagnet.)
In the continuous setting colors are continuous variables on
a circle, and can therefore be defined by an angle ✓. The
constraint is that the distance between colors on contiguous
vertexes should be larger than a given threshold. For any
finite graph, in the discrete problem the set of solutions is
discrete and numerable. In the continuous setting this set is
continuous, and its volume goes to zero at a jamming transi-
tion. Figure adapted from Ref. 117.

particular convex problem does not require RSB to study
its SAT-UNSAT transition, only the implementation of
1RSB-based techniques to solve dilute model120 enabled
the computation of the SAT-UNSAT threshold of ran-
dom K-SAT and other problems121–123.

Many dilute discrete random CSP belong to the class
of discontinuous (REM-like) spin glasses. The route from
the SAT to the UNSAT phase as ↵ increases is thus
marked by several phase transitions, roughly following
the RFOT scenario124: at low ↵ the space of solutions
(SAT assignments) is linked by small changes in variable
assignments, i.e. ergodic; for ↵ > ↵d this space first
undergoes a dynamical ‘clustering’ transition as which
solutions become organized in a large number of ergodic
clusters but separated from one another by changes to
an extensive number of variable assignments; for ↵ > ↵K

the space of solutions is composed of a small number of
clusters, and the SAT-UNSAT transition is reached at
↵ > ↵q.

The 1RSB ansatz used to analyze these models de-
scribes families of statistically identical states that lie at
a same mutual distance. Such a description can present
two types of instability (see, e.g., Fig. 8): (i) states be-
ing separated by di↵erent distances, possibly over a con-
tinuous range; (ii) states splitting into families of states
separated by sub-extensive barriers and with mutual dis-

tances over a continuous interval, i.e., a Gardner transi-
tion. Both kind of instability are found in CSP with dis-
crete variables123,125, but only a decade ago has a proper
Gardner transition been found in the relevant space of
solution of a specific model116.

Using insights from the study of structural glasses126,
it was also realized that the SAT-UNSAT transition of
CSP with continuous variables (cCSP) naturally display
the same criticality as the jamming transition of hard
spheres. Continuous variables make the space of solu-
tions also continuous, and hence the volume of that space
can smoothly shrink to zero at the SAT-UNSAT tran-
sition, as it does at the jamming transition (see, e.g.,
Fig. 9). The analogy between cCSP and jamming was
first noticed in the MK model of spheres42 (discussed in
Sec. III). Although it was noted at the time that low-
frequency excitations around jammed minima42 are very
similar to those observed near jamming in more real-
istic models21–24,26, this hint of a possible relation be-
tween jamming criticality and the Gardner phase was
overlooked.

It is rather in a non-convex generalization of Gardner’s
perceptron that the relation between jamming and the
Gardner phase in cCSP was first fully developed126. Re-
markably, isostatic jamming in this model is found in the
Gardner phase and displays the same critical properties
as jamming in hard spheres. It has thus been conjectured
that a unique universality class encapsulates all of criti-
cal jamming. A variety of models, including the high-
dimensional vector spin models with excluded volume
interaction117, feed-forward neural networks with a sin-
gle hidden layer and fixed hidden-to-output weights127,
and in models of deep neural networks128 further support
this claim. A more complete theory of critical jamming is,
however, sorely needed. The study of jamming on diluted
random cCSP, which has not yet been tackled, might also
provide insights into the role of finite-dimensional e↵ects.

IX. CONCLUSION

The last few years have seen an explosion of research
motivated by the discovery of a Gardner transition in the
solution of infinite-dimensional hard spheres. Although
the initial hope of having a single transition unify the de-
scription of low-temperature glasses has been tempered,
the insights it has provided are no less significant. As we
have mentioned along this Perspective, a number of ques-
tions about the finite-dimensional Gardner transition re-
main actively pursued in model glass formers, cCSP, and
in RG. Recent attempts at describing the jamming tran-
sition of slightly aspherical particles129, which are sur-
prisingly a lot more complex than simple spherical glass
formers, suggest that the accompanying Gardner physics
might be richer still.

On the thirtieth anniversary of the untimely passing of
Elizabeth Gardner, it is a sort of intellectual justice that
her deep physical insights should still carry statistical
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FIG. 9. Illustration of the di↵erence between continuous and
discrete variables in the vertex coloring CSP. In the standard,
discrete setting a set of q colors is available to color the ver-
tices of a given graph, such that no two adjacent vertices have
the same color. (In the language of statistical physics, such
a solution is the ground state of a Potts antiferromagnet.)
In the continuous setting colors are continuous variables on
a circle, and can therefore be defined by an angle ✓. The
constraint is that the distance between colors on contiguous
vertexes should be larger than a given threshold. For any
finite graph, in the discrete problem the set of solutions is
discrete and numerable. In the continuous setting this set is
continuous, and its volume goes to zero at a jamming transi-
tion. Figure adapted from Ref. 117.
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similar to those observed near jamming in more real-
istic models21–24,26, this hint of a possible relation be-
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overlooked.

It is rather in a non-convex generalization of Gardner’s
perceptron that the relation between jamming and the
Gardner phase in cCSP was first fully developed126. Re-
markably, isostatic jamming in this model is found in the
Gardner phase and displays the same critical properties
as jamming in hard spheres. It has thus been conjectured
that a unique universality class encapsulates all of criti-
cal jamming. A variety of models, including the high-
dimensional vector spin models with excluded volume
interaction117, feed-forward neural networks with a sin-
gle hidden layer and fixed hidden-to-output weights127,
and in models of deep neural networks128 further support
this claim. A more complete theory of critical jamming is,
however, sorely needed. The study of jamming on diluted
random cCSP, which has not yet been tackled, might also
provide insights into the role of finite-dimensional e↵ects.

IX. CONCLUSION

The last few years have seen an explosion of research
motivated by the discovery of a Gardner transition in the
solution of infinite-dimensional hard spheres. Although
the initial hope of having a single transition unify the de-
scription of low-temperature glasses has been tempered,
the insights it has provided are no less significant. As we
have mentioned along this Perspective, a number of ques-
tions about the finite-dimensional Gardner transition re-
main actively pursued in model glass formers, cCSP, and
in RG. Recent attempts at describing the jamming tran-
sition of slightly aspherical particles129, which are sur-
prisingly a lot more complex than simple spherical glass
formers, suggest that the accompanying Gardner physics
might be richer still.

On the thirtieth anniversary of the untimely passing of
Elizabeth Gardner, it is a sort of intellectual justice that
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• The Space of Solutions is continuous, it shrinks to a point at the SAT-UNSAT 
threshold. Scaling laws appear close to the Jamming Transition. 
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